WZ-PROOFS OF "DIVERGENT" RAMANUJAN-TYPE SERIES 

JESUS GUILLERA 
Dedicated to Herb Wilf on his 80*'' birthday 

Abstract. We prove some "divergent" Ramanujan-type series for I/tt and I/tt^ 
applying a Barnes-integrals strategy of the WZ-method. 



1. Wilf-Zeilberger's pairs 

We recall that a function A{n, k) is hypergeometric in its two variables if the 
quotients 

A(n + l,k) , A(n,k+1) 
and 



A{n,k) A{n,k) 

are rational functions in n and k, respectively. Also, a pair of hypergeometric 
functions in its two variables, F{n, k) and G{n, k), is said to be a Wilf and Zeilberger 
(WZ) pair ll3i Chapt. 7] if 

(1) F{n + 1, fc) - F(n, k) = G{n, k + I) - G{n, k). 

In this case, H. S. Wilf and D. Zeilberger [17] have proved that there exists a rational 
function C(n, k) such that 

(2) G{n,k) =C{n,k)F{n,k). 

The rational function C{n,k) is the so-called certificate of the pair {F,G). To 
discover WZ-pairs, we use Zeilberger's Maple package EKHAD [131 Appendix A]. If 
EKHAD certifies a function, we have found a WZ-pair! We will write the functions 
F{n, k) and G{n, k) using rising factorials, also called Pochhammer symbols, rather 
than the ordinary factorials. The rising factorial is defined by 

/o\ / \ f x(x + 1) ■ ■ ■ (x + n - 1), n e Z+, 

= I 1, n = 0, 

or more generally by {x)t = T{x + t)/r{x). For t E TL — TL~ ^ this last definition 
coincide with But it is more general because it is also defined for all complex x 
and t such that x + tGC — (Z — Z"*"). 



Key words and phrases. Hypergeometric series; WZ-method; Ramanujan-type series for I/tt 
and I/tt^; Barnes Integrals. 
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2. A Barnes-integrals WZ strategy 
If we sum ([T]) over all n > 0, we get 

OO OO 

(4) y Gin, A;) - V Gin, k + l) = -FiO, k) + lim Fin, k) 

n— 5>oo 

n=0 n=0 

whenever the series above are convergent and the limit is finite. D. Zeilberger was 
the first to apply the WZ-method to prove a Ramanujan-type series for l/vr [1]. 
Following his idea, in a series of papers [5], [6], |9], [10] and in the author's thesis [8], 
we use WZ-pairs together with formula (jl]) to prove a total of eleven Ramanujan- 
type series for l/vr and four Ramanujan-like series for l/vr^. However, while we 
discovered those pairs we also found some WZ-pairs corresponding to "divergent" 
Ramanujan-type series [12], like the following pair: 



(-1)" /i6\" i-iT /le 

F{n,k) = A{n,k)-^. — , G{n, k) = B{n, k) ^ ^ I 



r(n + 1) V 9 y ' ' ' ' ' ' 'r(n + 1) V 9 

where 

— nin — 2 ) 

A{n, k) = U{n, k)—^—-^, B{n, k) = U{n, k){5n + 6k + 1) 
6[n -f- 2k -|- Ij 

and 

\2/n V4 ^ 2 /n V4 ^ 2 In V6/fc V6/fe 



^^""'^^ (l + A;)„(l + 2fc)„ (1)1 ■ 

We cannot use formula (jl]) with this pair because the series is divergent and the limit 
is infinite, due to the factor (—16/9)". To deal with this kind of WZ-pairs we will 
proceed as follows: First we replace the factor (—1)"" with r(n + l)r(— n). By doing 
it we again get a WZ-pair, because (— 1)" and T{n + l)r(— n) transform formally in 
the same way under the substitution n — )■ n + 1; namely, the sign changes. To fix 
ideas, the modified version of the WZ-pair above is 

F{s, t) = A{s, t)Ti-s) (^^^ ' , G{s, t) = B{s, t)T{-s) (^f 

Then, integrating from s = —ioo to s = zoo along a path V (curved if necessary) 
which separates the poles of the form s = 0, 1, 2 . . . from all the other poles, we 
obtain 

(5) — / B{s,t)r{-s){-zrds = J2B{n,t)-, \z\ < 1, 



n=0 



where we have used the Barnes integral theorem, which is an application of Cauchy's 
residues theorem using a contour which closes the path with a right side semicircle 
of center at the origin and infinite radius. The Barnes integral gives the analytic 
continuation of the series to ;z G C — [1, oo). Integrating along the same path the 
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identity G{s, t + 1) - G{s, t) = F{s + 1, t) - F{s, t), we obtain 

/ioc pioo pioo nioo 

G{s,t + l)ds- I G{s,t)ds= F{s + l,t)ds- F{s,t)ds 

= / F{s,t)ds- / F{s,t)ds = - / F{s,t)ds, 

Jl—ioo J —ioo JC 

where C is the contour hmited by the path V, the same path but moved one unit to 
the right, and the hues y = — oo and y = +oo. As the only pole inside this contour 
is at s = and the residue at this point is zero, the last integral is zero and we have 



(7) / G{s,t)ds= / G{s,t + l)ds. 

J —ioo J —ioo 

This implies, by Weierstrass's theorem [TB], that 

nioo ^ nioo ^ ^ Moo ^ 

— G{s, t)ds = Ita — G(s, t)ds = — l,m G(., t)ds 



where the last equality holds because 



n=0 



implies that 



1 /i\ 1 

^ / 9 n-s)hzrds = -=, e C - [1, oo). 

^TT^ J-ioo\^/s V^-Z 



Hence, we have 



^-y_ (l + tUl + 2t), (1)? (5. + 6t+l)r( .j^gj ds- ^, 



27^ 

or equivalently 

Finally, substituting t = 0, we see that 



It is very convenient to write the Barnes integral in hypergeometric notation. By 
the definition of hypergeometric series, we see that for — 1 < z < 1, we have 

^ OH ' -'H 1, 1 



n=0 



In 



4 
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n=0 



(iUfUi_--) 
(1)1 



n n 

nz 



-s{l-s)z,F, 



1 + s, 
2, 



2-s 
2 



where the notation on the right side stands for the analytic continuation of the series 
on the left. Hence, we can write (IHl) in the form 



1 1 

F^l 2' 4' 



3-^2 



-16 

~9~ 



5 ^ 

O 



3 5 
2' 4' 

2, 



-16 
"9~ 



TT 



If, instead of integrating to the right side, we integrate ([8]) along a contour which 
closes the path V with a semicircle of center s = taken to the left side with 
an infinite radius, then we have poles at s = —n — 1/2, at s = —n — 1/4 and at 
s — —n — 3/4 for n = 0, 1, 2, ... , and we obtain 



4i 



n3 



n=0 



;i0n + 3)(-ir - 



2n 



V2 7,^ 



E 



8 r(|)^t^(i). 
3v/2r(f)^ - _ 



-(20n + l)(-l)^ 



2n 



3^3 



(!) 



16 7r2 



n=0 (2)n (4)™ 

which is an identity relating three convergent series. 



(20n + 11)(-1)' 



2n 



1. 



3. Other examples 
In a similar way we can prove other identities of the same kind, for example. 



1 



;i + t)3(i + 2t). 



■(lOs^ + 6s + 1 + 14st + 4r + At)T{-s)2^'ds 



4 (11 



71' 



4 ' 
t 



1 

27ri 



(l),(l + 2t). 



{3s + 2t+l)T{-s)2-''ds 



and 

1 

27d 



(15s + 4)(2s + l)+t(33s + 16) 

X 



3v^ 1 (1)? 



2. + t + l vr 26* (i), (I); 

In the two last examples the hypothesis of Weierstrass theorem fail and hence we 
cannot apply it, but we obtain the sum using Meurman's periodic version of Carl- 
son's theorem |2j, p. 39] which asserts that if H{z) is a periodic entire function of 
period 1 and there is a real number c < 27r such that H{z) = (9(exp(c|/m(z)|)) for 
all z E C, then H{z) is constant [T, Appendix] and [HI Thm. 2.3]. In the second 
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and third examples we determine the constants I/tt and 3\/3/7r taking t = 1/2 
and t = —1/3 respectively. Substituting t = in the above examples, we obtain 
respectively 



(9) 



1 

2TTi 



ii): 



[lOs^ + 6s + l)T{-s)2^'ds = — 



(10) 
and 
(11) 



1 

2TTi 



flf 1 

{3s+l)r{-s)2^'ds = -, 

71 



(1)2 



1 

2TTi 



TT 



Using hypergeometric notation, we can write ([9]), ( 1T0|) and (1111) respectively in the 
following forms: 



11111 

^ ( 2 ' 2 ' 2 ' 2 ' 2 



5-^4: 



1, 1, 1, 1 



Q /3 3 3 3 3 

_4 1 .F/i I 2' 2' 2 2 2 

' 4^ H 2, 2, 2, 2 



-4 



~7 5-^4 



3 3 3 3 3 
2' 2' 2 2 2 

2, 2, 2, 1 



and 



111 

3i^2( 2' 2' 2 



1, 1 



33i^2( 2' I I 



20 /3 4 5 
^ ( 2' 3' 3 

3 ' H 2, 2 



1 

TT ' 



-4 



3^3 



TT 



Related applications of the WZ-method for Barnes-type integrals are for example in 
[31 Sect. 5.2] and ^Mj. 



4. The dual of a "divergent" Ramanujan-type series 

The WZ duality technique [131 Ch. 7] allows to transform pairs which lead to 
divergences into pairs which lead to convergent series. To get the dual G{n, k) of 
G{—n, —k), we make the following changes: 



'1-a 



[a)-k — ^, (l)-A: 



, 1 - a\h 



(1)/ 
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Example 1. The package EKHAD certifies the pair 

. X / ,x / ,x 2n^ ,x . , ,Qn'^ + 2n + k + Ank 
(12) F{n, k) = U{n, k)^^, G{n, k) = U{n, k) ^-^^ , 

where 



(1)2(1 + fc)2 (1)^ nimin + ky? 16M^' 

We cannot use this WZ-pair to obtain a Ramanujan-hke evaluation because, as 
z > 1, the corresponding series and also the corresponding Barnes integral are both 
divergent. However, we will see how to use it to evaluate a related convergent series. 
What we will do is to apply the WZ duality technique. Thus, if we take the dual of 
G{—n, —k) and replace k with A; — 1, we obtain 

1 2i2k - l)i2n + k) , ^ , ,^ 

f/(n, k) n^[n + k)^[n + k — 1)^ 

and EHKAD finds its companion 

P _ 1 -2{2n + k){2n + k - l){2n - 1)^ 
^'''^~U{n,k) n^{n + k)^{n + k-l)^ 

Applying Zeilberger's formula 

CXI oo 

+ l,n)+ G{n, n)) = ^ G{n,j) 

n=j n=j 

with J = 1, we obtain 

t,^. i^iey a)n 11^-3 ^ 1 (i)^3n-i 

^"""^ ^127/ a) (k) a) '''z^4"m3 ^3 ■ 

n=l ^ V2/nV3/raV3/n n=l \2)n 

The series in f lT3|) are dual to Ramanujan-type "divergent" series, and in [Tj p. 221] 
we proved that the series on the right side is equal to -k"^ /2. Hence 



n=l 



16 V (1)^ lln-3 



277 Q).(i).(f). 



Formula (fT4|) . as well as other similar formulas, was conjectured in [151 Conj 1.4] by 
Zhi-Wei Sun. 

Example 2. The package EKHAD certifies the pair 



F{n, k) = U{n, k) 
G{n,k) = U{n,k) 



{2k + l){2n-2k+ 1)' 

(2n + l)2(lln + 3) - 12k{2n'^ + 3nk + n + k) 
(2n + l)2 ' 
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where 

imikt Vie; 

Taking the dual G{n, k) of G{—n, —k), replacing n with n + x and applying Zeil- 
berger's theorem 

oo oo oo 

^G{n + X, 0) = lim ^ G{n + x,k) + ^ F{x, k), 

n=0 °° ra=0 k=0 



where F{n, k) is the companion of G{n, k), we obtain 
{l+x)l /I6\" ll(n + x)- 



6(3x-l)(3x-2)g(|)J|-x) 



Taking x = 1 we again obtain (1141) . 
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